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Nonlinearity-induced topological phase 
transition characterized by the nonlinear 
Chern number

Kazuki Sone    1  , Motohiko Ezawa    1, Yuto Ashida    2,3, 
Nobuyuki Yoshioka    1,4,5 & Takahiro Sagawa    1,6

As first demonstrated by the characterization of the quantum Hall effect 
by the Chern number, topology provides a guiding principle to realize the 
robust properties of condensed-matter systems immune to the existence of 
disorder. The bulk–boundary correspondence guarantees the emergence 
of gapless boundary modes in a topological system whose bulk exhibits 
non-zero topological invariants. Although some recent studies have 
suggested a possible extension of the notion of topology to nonlinear 
systems, the nonlinear counterpart of a topological invariant has not yet 
been understood. Here we propose a nonlinear extension of the Chern 
number based on the nonlinear eigenvalue problems in two-dimensional 
systems and show the existence of bulk–boundary correspondence beyond 
the weakly nonlinear regime. Specifically, we find nonlinearity-induced 
topological phase transitions, in which the existence of topological edge 
modes depends on the amplitude of oscillatory modes. We propose and 
analyse a minimal model of a nonlinear Chern insulator whose exact bulk 
solutions are analytically obtained. The model exhibits the amplitude 
dependence of the nonlinear Chern number, for which we confirm the 
nonlinear extension of the bulk–boundary correspondence. Thus, our result 
reveals the existence of genuinely nonlinear topological phases that are 
adiabatically disconnected from the linear regime.

Topology is utilized to realize the robust properties of materials 
that are immune to disorders1,2. A prototypical example of topologi-
cal materials is the quantum Hall effect3,4, which was discovered in 
a two-dimensional semiconductor under a magnetic field. In such a 
two-dimensional system, the Chern number characterizes the topology 
of the band structure and the corresponding gapless boundary modes. 
This bulk–boundary correspondence lies at the heart of the robust-
ness of topological devices utilizing boundary modes. Recent studies 
have also explored topological phenomena in a variety of platforms, 

such as photonics5, electrical circuits6, ultracold atoms7, fluids8 and 
mechanical lattices9.

Although band topology has been well explored in linear systems, 
nonlinear dynamics is ubiquitous in classical10–15 and interacting bos-
onic systems16,17. For example, nonlinear interactions can naturally 
emerge in the mean-field analysis of bosonic many-body systems, such 
as the Gross–Pitaevskii equations. Recent research has also studied 
the nonlinear effects on topological edge modes11,12,18–28 and revealed 
unique topological phenomena intertwined with solitons29–35 and 
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be realized in a variety of experimental setups. Similar to how the Thou-
less–Kohmoto–Nightingale–den Nijs formula4 triggered the research 
of a variety of topological materials, the nonlinear Chern number is 
expected to open up the research stream of nonlinear topological 
materials including their systematic classification. From the experi-
ment point of view, one can realize nonlinear Chern insulators with 
the U(1)-gauge symmetry in, for example, photonics11,12,18,20,22,24,27,30–34, 
ultracold atoms16,17,27 and electrical circuits6,36,37, where both linear band 
topology and nonlinear effects have been investigated. In particular, 
since the Kerr nonlinearity10 is fairly common in photonic systems, it 
should be possible to extend the current topological photonic devices 
to nonlinear ones.

Nonlinear eigenvalue problem and nonlinear 
Chern number
We consider the nonlinear extension of the eigenvalue equations41,43,44 
and define the nonlinear Chern number by using nonlinear eigenvec-
tors. We start from the general nonlinear dynamics:

i∂tΨj(r) = fj(Ψ; r), (1)

where Ψj(r) is the state variable and fj(⋅; r) is a nonlinear function of 
the state vector Ψ. In lattice systems, r denotes a representative point 
in each unit cell of the lattice (Fig. 2a). Then, j represents the internal 
degrees of freedom that include, for example, sublattices and effec-
tive spin degrees of freedom. When we consider continuum systems,  
r should simply represent the location and j corresponds to the internal 
degrees of freedom such as spins. For example, the Gross–Pitaevskii  
equation in the continuous space is given by f(Ψ; r) = −∇2Ψ(r)/(2m) +  
VΨ(r) + (4πa/m)∣Ψ(r)∣2Ψ(r), where V is a potential and m and a are 
the mass and scattering length, respectively. The nonlinear function  
f(⋅; r) depends on Ψ(r) and its derivative, and has no internal degrees of  
freedom. Since the quantum Hall system has U(1) and translation 
symmetries, we impose them on the nonlinear equation to study the  
analogy of such a prototypical topological insulator. Concretely, 
the U(1) symmetry is represented as fj(eiθΨ; r) = eiθfj(Ψ; r), which is  
satisfied in, for example, the Kerr-like nonlinearity κ∣Ψj(r)∣2Ψj 
(r) (ref. 10). The translational symmetry in lattice systems is defined 
as fj(Ψ; r + a) = fj(Φ; r), where a is a lattice vector and Φ is the trans-
lated state variable: Φj(r) = Ψj(r + a). The translational symmetry in 
continuum systems is also defined in the same equation, whereas 
fj(Φ; r) still remains dependent on r due to, for example, the periodic 
potential. We also focus on conservative dynamics analogous to  
Hermitian Hamiltonians where the sum of squared amplitudes 
∑j,r∣Ψj(r)∣2 is preserved.

In accordance with the nonlinear dynamical system in equation (1),  
the nonlinear eigenvector and eigenvalue are defined as the state vector 
Ψ with components Ψj(r) and the constant E that satisfy

fj(Ψ; r) = EΨj(r). (2)

We term the equation as a nonlinear eigenequation and analyse its 
bulk–boundary correspondence below. We note that we can regard 
the nonlinear eigenvector as a periodically oscillating steady state 
Ψj(r; t) = e−iEtΨj(r) of the nonlinear system when the eigenvalue is real.

To extend the Chern number to nonlinear systems, we introduce 
the eigenvalue problems in the wavenumber space, which is analo-
gous to the linear eigenequation of the Bloch Hamiltonian. In a lat-
tice system with translation symmetries, we assume an ansatz state41 
that we name the Bloch ansatz: Ψj(r) = eik·rψj(k). In linear systems, the 
Bloch theorem guarantees that every eigenvector is given by the form 
of the Bloch ansatz. On the other hand, in nonlinear systems, there 
can be nonlinear eigenvectors out of the description of the Bloch 
ansatz, including bulk-localized ones. Despite the existence of such 
localized modes, here we only focus on nonlinear bulk eigenvectors 

synchronization36–38. Nonlinearity can further modify the conventional 
notion of topological phases; it has been found that one-dimensional 
systems can exhibit nonlinearity-induced topological phase transi-
tions, where the existence of topological edge modes depends on 
the amplitude of the oscillatory modes39–43. Although these previous 
studies have indicated the existence of topological edge modes in non-
linear systems, one cannot straightforwardly extend the topological 
invariants to nonlinear systems because they have no band structures, 
at least in the conventional sense. In addition, nonlinear topology in 
two-dimensional systems18,30,31,35 is much less understood than that in 
one-dimensional systems.

In this paper, we introduce the notion of the nonlinear Chern 
number and reveal its relation to the bulk–boundary correspondence. 
To define the nonlinear Chern number of two-dimensional systems, we 
consider the nonlinear extension of the eigenvalue problem41,43,44 and 
make an analogy to band structures. Although it is not obvious that 
the nonlinear eigenvalue problem elucidates the bulk–boundary cor-
respondence in nonlinear topological insulators, we theoretically prove 
the bulk–boundary correspondence of the nonlinear Chern number in 
weakly nonlinear systems. Furthermore, in stronger nonlinear regimes 
where nonlinear terms are larger compared with the linear bandgap, 
we find that the nonlinearity-induced topological phase transition 
can occur in two-dimensional systems (Fig. 1). We analytically show 
the nonlinear bulk–boundary correspondence, which states that the 
non-zero nonlinear Chern number predicts the existence of localized 
edge modes in semi-infinite systems even under strong nonlinearity. 
Since the nonlinearity-induced topological phases are disconnected 
from the linear limits under adiabatic deformations, our results show 
the existence of genuinely nonlinear topological phases.

The scope of this paper applies to a broad class of two-dimensional 
systems with U(1) gauge and spatial translation symmetries, which can 
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Fig. 1 | Schematic of the nonlinear Chern insulators and the nonlinearity-
induced topological phase transition. Although the topology of a non-
interacting linear system can be characterized by the Chern number that is 
computed from its eigenvectors, the topology of a nonlinear system is classified 
by the nonlinear Chern number, which utilizes the nonlinear extension of the 
eigenequation. In weakly nonlinear regions (that is, small amplitude), the 
nonlinear Chern number predicts the existence of edge modes corresponding 
to those in linear systems. Specifically, when nonlinear systems exhibit edge-
localized steady states, both nonlinear and linear Chern numbers are non-zero 
(top). If we inject higher energy into the system and consider the eigenmodes 
with large amplitudes, the nonlinear band structure can become gapless. At such 
a gapless point, a nonlinearity-induced topological phase transition can occur, 
where topological boundary modes appear with the non-zero nonlinear Chern 
number (bottom). The nonlinearity-induced topological phases exhibit boundary 
modes that cannot be predicted from the linear Chern number. Therefore, such 
topological phases are genuinely unique to nonlinear systems.
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described by the Bloch ansatz and show that even such periodic bulk 
solutions can exhibit topological phenomena inherent to nonlinear sys-
tems, namely, the nonlinearity-induced topological phase transition. 
Under this ansatz and U(1) symmetry, one can rewrite the nonlinear 
eigenequation as fj(k, ψ(k)) = E(k)ψj(k) parametrized by k (Supple-
mentary Note 1 provides a detailed derivation). We note that in finite 
periodic systems, the Bloch-ansatz solution is still an eigenvector, 
whereas it can be unstable under superposition with other eigenstates.

To capture the nonlinearity-induced topological phase transi-
tion depending on amplitudes, we focus on a special solution of the 
nonlinear eigenvector at each k whose sum of the squared amplitudes 
∑j∣ψj(k)∣2 = w is fixed independently of wavenumber k. We note that the 
assumption of such fixed-amplitude Bloch-ansatz solutions is consist-
ent with the perturbative calculation of the nonlinear eigenvectors 
(Methods). By using fixed-amplitude nonlinear eigenvectors, we define 
the nonlinear Chern number as

CNL(w) =
1

2πi ∫ ∇k × ( 1
√w

⟨ψ(k)||)∇k (
1
√w

||ψ(k)⟩)d2k. (3)

We note that this definition is reduced to the conventional linear Chern 
number if f defined in equation (2) is a linear function. It is also note-
worthy that since special solutions of nonlinear eigenvectors should 

exist at arbitrary w in ordinary nonlinear systems, we can define the 
nonlinear Chern number at any positive w except for gap-closing points. 
One can prove that the nonlinear Chern number is an integer by embed-
ding the nonlinear eigenvectors into an eigenspace of a linear Bloch 
Hamiltonian (Supplementary Note 2). The main purpose of this paper 
is to show the bulk–boundary correspondence for this nonlinear Chern 
number. Since the eigenvector can be changed by the amplitude w, 
the nonlinear Chern number also depends on w (Fig. 1). Therefore, the 
nonlinear Chern number can predict the nonlinearity-induced topologi-
cal phase transition by the change in amplitude of nonlinear systems, 
which is absent in linear systems22,25,39–43. Although here we define the 
nonlinear Chern number in lattice systems, we can also define that in 
continuum systems (Methods).

Since the parameter w is unique to nonlinear systems, it is 
non-trivial how to relate the amplitude w under the periodic bound-
ary condition to that under the open boundary condition to formu-
late the bulk–boundary correspondence. There are two possible 
choices: one can equate w under the periodic boundary condition to 
either the average amplitude wave ≡ ∑r,j∣Ψj(r)∣2/L or the edge amplitude 
wedge ≡ ∑j∣Ψj(redge)∣2 in the model under the open boundary condition, 
the latter of which is used to calculate the corresponding edge modes. 
As shown later, both definitions can predict the topological phase 
transition in the continuum limit.
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Fig. 2 | Phase diagram and dynamics of the nonlinear QWZ model.  
a, Schematic of the nonlinear QWZ model. The model has two sublattices 
(black circles) at each lattice point encircled by the blue ellipse. The green lines 
represent the linear couplings. We use the notation Ψi(x, y) to represent the state 
variable at each sublattice, where (x, y) is the location of the representative point 
of each lattice point denoted by the red cross. b, Analytical demonstration of 
the phase diagram of the nonlinear QWZ model. The horizontal axis represents 
the parameter of the mass term and the vertical axis corresponds to the strength 
of nonlinearity. The colour of each separated region represents the difference 
in the nonlinear Chern number. c, Numerical demonstration of the absence 
of edge modes in the topologically trivial parameter region. We simulate the 
dynamics of the prototypical model of a nonlinear Chern insulator starting from 

an initial state localized at the left edge. We impose the open boundary condition 
in the x direction and the periodic boundary condition in the y direction. The 
figure shows the snapshot at t = 1. The colour shows the absolute value of the 
components of the state vector at each site. The parameters used are u = 3 and 
κ = 0.1, and the average amplitude is w = 0.1, which corresponds to the red square 
in b. d, Numerical demonstration of the existence of the long-lived localized state 
in the weakly nonlinear topological insulator. The figure shows the snapshot of 
the simulation at t = 1. The sites at the left edge show large amplitudes, which 
indicates the existence of the edge-localized state. The parameters used are u = −1 
and κ = 0.1, and the average amplitude is w = 0.1, which corresponds to the blue 
circle in b.
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Previous research on one-dimensional nonlinear systems43 has 
indicated the appearance of higher-order correction terms in the 
topological invariant due to multifrequency effects in nonlinear eigen-
vectors. However, under the U(1) symmetry, higher-order terms are 
excluded from the nonlinear Chern number. We also note that the 
Bloch ansatz does not describe bulk-localized solutions that can be 
obtained in strongly nonlinear systems, whereas the ansatz still cap-
tures nonlinearity-induced topological phenomena. Therefore, we 
mainly focus on weakly and more strongly nonlinear systems where 
the nonlinear terms are smaller than the linear terms (Supplementary 
Note 3 shows the Bloch-wave-like solutions of the bulk modes in this 
parameter region).

Nonlinear Chern number calculated from exact 
solutions
To investigate the bulk–boundary correspondence, that is, the 
correspondence between the non-zero nonlinear Chern number 
and the existence of the edge-localized steady state, we propose 
and analyse the nonlinear extension of the Qi–Wu–Zhang (QWZ) 
model45 (Methods provides the real-space description of the model).  
By using the Bloch ansatz, we rigorously obtain its wavenumber-space 
description:

f(k,ψ(k))

= (
u + κw + cos kx + cos ky sin kx + i sin ky

sin kx − i sin ky −(u + κw + cos kx + cos ky)
) (

ψ1(k)

ψ2(k)
) ,

(4)

where w is the squared amplitude w = ∣ψ1(k)∣2 + ∣ψ2(k)∣2; u and κ are 
dimensionless parameters of the linear and nonlinear mass terms, 
respectively. Here we introduce the staggered Kerr-like nonlinearity 
±κw to the linear Chern insulator model45.

To calculate the nonlinear Chern number, we focus on special 
solutions where the squared amplitude w is fixed independent of wave-
number k. Then, we can regard equation (4) as a linear equation and 
thus can analytically obtain the exact bulk solutions of the nonlinear 
eigenvalues and eigenvectors as the linear QWZ model. Using the 
exactly obtained nonlinear eigenvectors, we calculate the nonlin-
ear Chern number and obtain the phase diagram shown in Fig. 2b 
(Methods shows the detailed calculation and Supplementary Note 
6 provides the numerical confirmation). The amplitude depend-
ence of the nonlinear Chern number indicates the existence of the 
nonlinearity-induced topological phase transition in the nonlinear 
QWZ model. We note that since we calculate the nonlinear Chern 
number from the exact nonlinear eigenvectors, our result shows the 

existence of the nonlinearity-induced topological phase transition 
without any approximations. Such an analytical demonstration of 
the nonlinearity-induced topological phase transition is achieved by 
considering nonlinear equations with the form

i∂tψn (k; t) = ∑
m
fnm (∑

j
||ψj (k; t)||

2)ψm (k; t) , (5)

where ψj and k are the state variables and wavenumber, respectively. 
Under the existence of a more general nonlinear term, we may also 
define and calculate the nonlinear Chern number by appropriately 
defining w (Supplementary Notes 4 and 5).

Bulk–boundary correspondence in weakly 
nonlinear systems
We first numerically confirm the bulk–boundary correspondence in 
weakly nonlinear systems. We simulate the dynamics of the nonlinear 
QWZ model (equation (4)) with weak nonlinearity, where the nonlin-
ear Chern number is the same as that in the linear limit κw → 0. In the 
topological phase (CNL = ±1; Fig. 2d), we find a long-lived localized state 
that corresponds to a topological edge mode in the QWZ model. Mean-
while, in the case of CNL = 0 (Fig. 2c), the edge-localized initial state is 
spread to the bulk, which indicates the absence of edge modes. We also 
confirm the bulk–boundary correspondence from the perspective of 
the nonlinear band structure (Fig. 3; Methods provides the numerical 
method), which implies the utility of the nonlinear band structure to 
detect topological edge modes.

In fact, the bulk–boundary correspondence between the non-
linear Chern number and the gapless edge modes can be established 
in general weakly nonlinear systems. We mathematically show the 
bulk–boundary correspondence under weak nonlinearity compared 
with the linear bandgap. Methods and Supplementary Note 7 describe 
the details of the theorem and its proof.

Nonlinearity-induced topological phase 
transition
We next show that nonlinearity-induced topological phase transitions 
occur in the stronger nonlinear regime, where the nonlinear Chern 
number becomes nonzero and topological edge modes appear at a 
critical amplitude. First, we consider continuum systems and analyti-
cally show such nonlinearity-induced topological phase transitions 
and the bulk–boundary correspondence under stronger nonlinearity. 
Specifically, we derive the effective theory of the low-energy dispersion 
of the nonlinear QWZ model as

i∂tΨΨΨ(r) = ̂H(ΨΨΨ(r))ΨΨΨ(r), (6)
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Fig. 3 | Nonlinear band structure and edge modes of the weakly nonlinear 
QWZ model. a, We numerically calculate the nonlinear band structure of the 
topologically trivial system under the open boundary condition in the x direction 
and the periodic boundary condition in the y direction. In the data shown in a and 
b, we relate the average amplitude wave to the amplitude of the bulk modes w. One 
can confirm the absence of gapless modes. The parameters used are u = 3, κ = 0.1 

and w = 0.1. b, Nonlinear band structure of the topologically non-trivial system 
is numerically calculated. There are gapless modes that connect the upper and 
lower bulk bands. The parameters used are u = −1, κ = 0.1 and w = 0.1. c, Spatial 
distribution of the gapless mode is presented. The eigenvalue of the localized 
mode corresponds to the red circle in the band structure in b.
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̂H(Ψ(r)) =

(
m + κ (|Ψ1(r)|2 + |Ψ2(r)|2) −i∂x + ∂y

−i∂x − ∂y −m − κ (|Ψ1(r)|2 + |Ψ2(r)|2)
) ,

(7)

where m = u + 2 and Ψ(x, y) = (Ψ1(x, y), Ψ2(x, y))T is the state-vector func-
tion at location (x, y) (Methods and Supplementary Note 8 provide the 
derivation). This state-dependent Hamiltonian has a similar structure 
to the Dirac Hamiltonian, except for the nonlinear mass term 
κ(∣Ψ1∣2 + ∣Ψ2∣2), and thus, we term it the nonlinear Dirac Hamiltonian. In 
general, the nonlinear Dirac Hamiltonian should describe the 
low-energy dispersions of a broad class of nonlinear topological insu-
lators, and thus, its localized modes unveil the existence of topological 
edge modes in various continuum systems. By considering the right 
semi-infinite system which has an open boundary at x = 0 and are peri-
odic in the y direction, and assuming the ansatz (Ψ1(x, y),Ψ2(x, y))

T  
= eikyyϕ(x)(1/√2, −i/√2)

T
 (E = ky), we can analytically obtain the spatial 

distribution of the gapless mode of the nonlinear Dirac Hamiltonian 
as

(Ψ1(x, y),Ψ2(x, y))
T

= ei(kyy+θ)√
1

−(κ/m)+De−2mx (1/√2, −i/√2) T,
(8)

where D is the integral constant and –(κ/m) + De−2mx must be positive.
Figure 4 summarizes the nonlinear Chern numbers (Methods) and 

the behaviours of gapless modes in the nonlinear Dirac Hamiltonian 
at different parameters. In the case of m < 0, where the Chern number 
is C = 1/2 in the linear limit, we obtain the localized states at the left 
side as in the linear case. These localized states are consistent with the 
bulk–boundary correspondence in weakly nonlinear systems, as shown 

earlier. We can also check that no localized modes appear in the case 
of positive m and κ, where the nonlinear Chern number is CNL = −1/2 at 
any amplitude.

To discuss the bulk–boundary correspondence under stronger 
nonlinearity, we must relate the amplitude w under the periodic bound-
ary condition to wave = ∫L0 dx|ϕ(x)|2/L  or wedge = ∣ϕ(0)∣2 of the 
edge-localized mode obtained under the open boundary condition. In 
fact, either choice can exactly predict the phase boundary as shown in 
the case of m > 0, κ < 0, where we obtain the localized state with the 
residual amplitude √|m/κ| in the limit of x → ∞. In this case, we obtain a 
gapless homogeneous mode ϕ(x) = √|m/κ| at the phase boundary. Since 
both wave and wedge of such a homogeneous mode are wave/edge = √|m/κ| 
and satisfy m + κwave/edge = 0, both definitions of the amplitude predict 
the nonlinearity-induced topological phase transition associated with 
the amplitude-dependent Chern number (Supplementary Note 9). We 
note that the non-vanishing amplitude in the limit of x → ∞ indicates that 
it is impossible to normalize the edge mode. In finite systems, however, 
such a non-vanishing localized mode can be normalized and thus can 
robustly emerge. We also obtain anti-localized modes satisfying 
∣ϕ(0)∣ < ∣ϕ(x)∣ for D > 0 (Fig. 4e), which is unique to nonlinear systems.

We can also confirm the bulk–boundary correspondence in lattice 
systems (Supplementary Notes 10 and 12–17). Specifically, by making 
the correspondence between the bulk amplitude w and edge amplitude 
wedge, the non-zero nonlinear Chern number corresponds to the exist-
ence of localized zero modes. We analytically show such bulk–bound-
ary correspondence in semi-infinite systems and numerically confirm 
it in finite systems of the nonlinear QWZ model.

Observation protocol of edge modes via quench 
dynamics
One can observe the topological properties via quench dynamics, which 
directly detects the existence of topological edge modes. In quench 
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Fig. 4 | Phase diagram and localized modes of the nonlinear Dirac 
Hamiltonian. a, Phase diagram of the nonlinear Dirac Hamiltonian, which 
demonstrates the nonlinear bulk–boundary correspondence in the continuum 
model. The vertical axis represents the amplitude, and the horizontal axes 
correspond to the parameters of the nonlinear Dirac Hamiltonian. The blue 
curved surface shows the phase boundary that separates a trivial phase without 
boundary modes and a topological phase exhibiting localized modes at the 
left boundary. The red surfaces present the boundaries where the sign of the 
parameters of the Dirac Hamiltonian changes. The red lines show the phase 
boundaries at the surfaces of w = 1 and w = 2. In the linear limit (w = 0), the 
topological phases are separated by the m = 0 axis, whereas the nonlinearity 
modifies the boundary of the topological phases. b–d, Representative shape of 
the localized mode in each of the topologically non-trivial parameter regions. 

b, When m is negative and κ is positive, we obtain a localized mode in the 
small-amplitude region, which is regarded as a counterpart of a conventional 
topological edge mode. We set m, κ and D as m = −0.5, κ = 1 and D = 3. c, When both 
m and κ are negative, a localized mode appears independent of the amplitude 
as in linear topological insulators. We set m = −0.5, κ = −1 and D = 3. d, When 
m is positive and κ is negative, the nonlinear Dirac Hamiltonian exhibits the 
nonlinearity-induced topological phase transition. We obtain an unconventional 
localized mode if the amplitude is larger than a critical value. In this localized 
mode, there exist non-vanishing amplitudes even in the limit of x → ∞. We set 
m = 0.5, κ = −2 and D = −3. e, We can also obtain anti-localized modes in the 
topologically trivial phase, which are unique to nonlinear systems. We set m = 0.5, 
κ = −2 and D = −20.
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dynamics, one only has to excite the edge sites at homogeneous ampli-
tudes and observe the dynamics without any other external interactions 
(Fig. 5a). To confirm the correspondence between the existence of 
nonlinear edge modes and the localized states in quench dynamics, we 
numerically simulate the quench dynamics of a nonlinear QWZ model 
(equation (4)) at various parameters. Figure 5b,c shows the time evolu-
tion of the quench dynamics with and without nonlinear edge modes. 
We also obtain the phase diagrams (Fig. 5d,e), which are classified by 
the amplitude at the edge of the sample in the long-time limit. Here 
we consider two initial states equivalent to the nonlinear edge modes 
at u + κw = ±1 (Methods). We confirm that the localized states remain 
in the topological cases and vanish in the trivial cases. Identifying the 
bulk amplitude w as wedge = ∑j,y∣Ψj(0, y)∣2/Ly (Ly is the system size in the 
y direction) of the initial state, we confirm that the nonlinear Chern 
number CNL(w) roughly corresponds to the phase boundaries in the 
quench dynamics, which indicates that the nonlinear Chern number 
and its nonlinearity-induced topological phase transition can predict 
the existence of experimentally observable localized states.

Possible experimental setups of nonlinear Chern 
insulators
Nonlinear Chern insulators are expected to be realized by using top-
ological photonics with the Kerr nonlinearity. In particular, we can 
replace the nonlinear term in equation (4) by on-site Kerr nonlinear 
terms, that is, κ∣Ψj(x, y)∣2Ψj(x, y), and such Kerr nonlinearity is feasi-
ble in various photonic systems. Supplementary Note 18 further dis-
cusses a possible optical setup and the analytical demonstration of the 
nonlinearity-induced topological phase transition under the on-site 
Kerr nonlinearity.

Discussions
Our results indicate the existence of unique topological phenomena 
beyond the weakly nonlinear regime. There remain intriguing issues to 

establish the topological classification of nonlinear systems including 
further strongly nonlinear cases where nonlinearity is even stronger 
than the linear couplings. Since such strong nonlinearity can induce 
bulk-localized modes18,35,42,46 and topological edge solitons30–35 that are 
out of the description of the Bloch ansatz, it is unclear whether or not 
the nonlinear Chern number still fully works. We can also discuss the 
linear stability of the Bloch-ansatz state, which may be related to the 
topological phase transition28 (Supplementary Note 19). It may also 
be intriguing to investigate the connection to many-body quantum 
physics because nonlinear terms can be derived from the mean-field 
approximation16,17 or the Kohn–Sham equation47,48 of interacting sys-
tems in general (Supplementary Note 20). Therefore, the nonlinear 
topology may also be useful to understand the topology of interact-
ing systems.
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Methods
Justification of the Bloch ansatz via perturbation analysis
If the nonlinear term is small compared with the linear bandgap, one 
can regard the nonlinear effect as a perturbation to the linear band 
structure. Under such an assumption, one can perturbatively calculate 
the nonlinear eigenvectors. To show the perturbation calculation pro-
tocol of the nonlinear eigenvalue problem, we rewrite the nonlinear 
eigenequation as

H(ΨΨΨ)ΨΨΨ = (H0 + κHNL(ΨΨΨ))ΨΨΨ = EΨΨΨ. (9)

We consider the perturbation expansion by κ as follows:

ΨΨΨ =ΨΨΨ(0) + κΨΨΨ(1) + ⋯ , (10)

E = E (0) + κE (1) + ⋯ . (11)

One can determine Ψ(0) and E(0) from the eigenvalue and eigenvector 
of the linear Hamiltonian H0 as

H0ΨΨΨ (0) = EΨΨΨ (0). (12)

Then, the first-order perturbation is calculated from the 
eigenequation of (H0 + κHNL(Ψ(0))) as

(H0 + κHNL(ΨΨΨ
(0))) (ΨΨΨ(0) + κΨΨΨ(1)) = (E(0) + κE(1)) (ΨΨΨ(0) + κΨΨΨ(1)) . (13)

One can confirm the consistency between equations (9) and (13) by 
substituting equations (10) and (11) into the former equation.

In translation-invariant systems, the non-perturbed eigenvector 
Ψ(0) is described by a Bloch wave Ψ(0) = eik·xψ(0), due to the Bloch theorem 
of linear systems. Since the Bloch wave exhibits no site dependence of 
the amplitude, one can assume that the nonlinear term κHNL(Ψ) is also 
uniform, and thus, the whole effective Hamiltonian H0 + κHNL(Ψ) still 
has translational symmetry. Therefore, in weakly nonlinear systems, 
one can believe that all of the nonlinear eigenvectors are described by 
the Bloch ansatz. We note that in strongly nonlinear regimes, there can 
be localized modes that cannot be described by the Bloch ansatz35,42,46. 
However, the periodic solutions obtained from the Bloch ansatz are still 
exact nonlinear eigenvectors under the periodic boundary conditions.

Nonlinear Chern number in continuum systems
In continuum systems with a periodic potential, the Bloch ansatz 
should read Ψj(r) = eik·rψj(k, r), where ψj(k, r) is a periodic func-
tion of r whose period is equal to that of the periodic potential. 
Then, the wavenumber-space representation of the nonlinear 
eigenequation becomes fj(k, ψ(k); r) = E(k)ψj(k, r), and the nonlinear 
Chern number can be written as

CNL =
1

2πi ∑j
∫

S
d2r∫ ∇k × [(ψj(k, r)/√w)∇k(ψj(k, r)/√w)]d2k, (14)

where S represents the unit cell of the periodic system. The squared 
amplitude is defined as w = ∑j∫Sd2r∣ψj(k, r)∣2 in this continuum case.

Real-space description of the nonlinear QWZ model
To investigate the existence or absence of topological edge modes in lat-
tice systems, we construct a minimal lattice model of a nonlinear Chern 
insulator, which we term the nonlinear QWZ model (equation (4) shows the 
wavenumber-space description). Its real-space dynamics is described as

i d
dt
Ψj(x, y) = ∑

l
{(σz)jl[2uΨl(x, y) + Ψl(x + 1, y) + Ψl(x − 1, y)

+Ψl(x, y + 1) + Ψl(x, y − 1)]/2

+(σx)jl(Ψl(x + 1, y) − Ψl(x − 1, y))/2i

+(σy)jl(Ψl(x, y + 1) − Ψl(x, y − 1))/2i}

−(−1) jκ (|Ψ1(x, y)|2 + |Ψ2(x, y)|2)Ψj(x, y),

(15)

where (j, l) and (x, y) represent the internal degree of freedom and 
location, respectively, and Ψj(x, y) is the jth component of the state 
vector at location (x, y). The values of (σi)jl are the (j, l)th component of 
the ith Pauli matrix. This lattice model introduces the staggered 
Kerr-like nonlinearity −(−1)jκ(∣Ψ1(x, y)∣2 + ∣Ψ2(x, y)∣2)Ψi(x, y) to the linear 
QWZ model45.

Exact bulk solutions of the nonlinear QWZ model
To obtain the phase diagram shown in Fig. 2b, we analytically solve 
the nonlinear eigenequation in equation (4). If we focus on special 
solutions where the squared amplitude ∣Ψ1(k)∣2 + ∣Ψ2(k)∣2 = w has no 
k dependence, the nonlinear eigenequation (equation (4)) exactly 
corresponds to a linear one. Therefore, by solving the corresponding 
linear eigenequation, we obtain the following exact bulk eigenvalues 
and eigenvectors as

E± (kx, ky)

= ±√2 cos kx cos ky + 2 (u + κw) (cos kx + cos ky) + (u + κw)2 + 2,
(16)

(
ψ1± (k)

ψ2± (k)
) =

√w
c± (k)

(
u + κw + cos kx + cos ky + E± (kx, ky)

sin kx − i sin ky
) , (17)

where c± (k) = √(u + κw + cos kx + cos ky + E± (kx, ky))
2 + sin2kx + sin2ky   

is a normalization constant. By using these nonlinear eigenvectors,  
we analytically obtain the nonlinear Chern number as

CNL =
⎧⎪
⎨⎪
⎩

1 (0 < u + κw < 2)

−1 (−2 < u + κw < 0)

0 (otherwise)

, (18)

as summarized in Fig. 2b. We note that one can generally obtain exact 
bulk solutions if the nonlinear equation has the form in equation (5) 
(Supplementary Note 4).

Perturbation analysis of the bulk modes of the nonlinear QWZ 
model
Although we calculate the exact solutions of the bulk modes of the 
nonlinear QWZ model in the main text, we can also obtain the same bulk 
modes from the perturbation analysis or self-consistent calculations. 
Specifically, if we conduct the perturbation analysis described earlier, 
the calculation stops at the first-order perturbation and derives the 
same bulk modes as the exact solutions.

The zeroth-order solutions, that is, the linear solutions of the bulk 
modes of the QWZ model are

(
ψ(0)1± (k)

ψ(0)2± (k)
) =

√w
c± (k)

(
u + cos kx + cos ky + E± (kx, ky)

sin kx − i sin ky
) , (19)

E± (kx, ky) = ±√2 cos kx cos ky + 2u (cos kx + cos ky) + u2 + 2, (20)

c± (k) = √(u + cos kx + cos ky + E± (kx, ky))
2 + sin2kx + sin2ky, (21)

where we fix the norm as |ψ1±(k)|2 + |ψ2±(k)|2 = w. Then, substituting 
these solutions into the state-dependent Hamiltonian of the nonlinear 
QWZ model, one can obtain the first-order perturbation solutions. Due 
to the nonlinear terms depending only on the norm of the nonlinear 
eigenvector, the substituted effective Hamiltonian is described as

H(k,ψ(k)) =

(
u + κw + cos kx + cos ky sin kx + i sin ky

sin kx − i sin ky −(u + κw + cos kx + cos ky)
) ,

(22)
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independently of the wavenumber. The eigenvalues and eigenvectors 
of this Hamiltonian are the same as those of the nonlinear QWZ model 
(equations (16) and (17)), and thus, the first-order perturbation calcula-
tion is consistent with the exact solutions.

The self-consistent calculation is equivalent to the higher-order 
perturbation calculation (as shown later). However, if one substitutes 
the first-order solutions into the state-dependent Hamiltonian of the 
nonlinear QWZ model, one obtains the same effective Hamiltonian as 
equation (22). Therefore, the nonlinear eigenvectors and eigenvalues 
obtained from the self-consistent calculation are the same as those 
obtained from the first-order perturbation and exact solutions.

Numerical simulations of the real-space dynamics of the 
nonlinear QWZ model
In Fig. 2, we numerically calculate the dynamics of the nonlinear QWZ 
model by using the fourth-order Runge–Kutta method. We consider a 
20 × 20 square lattice, where each lattice point has two internal degrees 
of freedom. We impose the open boundary condition in the x direction 
and the periodic boundary condition in the y direction. We set the time 
step dt = 0.005. The simulation starts from the localized initial states 
that have non-zero values Ψ1(x, y) = w/√2  and Ψ2(x, y) = iw/√2  only at 
x = 1. We use the parameters u = 3 and κ = 0.1 in Fig. 2c and u = −1 and 
κ = 0.1 in Fig. 2d. We also set the initial amplitude at the edge site as 
w = 1. In these figures, we plot the square root of the sum of the square 
of absolute values of the first and second components.

Self-consistent calculation of nonlinear band structures
To obtain the nonlinear band structures in Fig. 3, we numerically cal-
culate the nonlinear eigenvalue problem by using the self-consistent 
method. We first rewrite the nonlinear dynamics as i∂tΨ = f(Ψ) = H(Ψ)Ψ, 
where H(Ψ) is a state-dependent effective Hamiltonian. Then, we con-
duct the self-consistent calculation in the following procedure. (1) We 
numerically diagonalize H(0) and set the initial guess of the eigenvalue 
and eigenvector Ψ0 and E0, respectively, by adopting a pair of the 
obtained eigenvalue and eigenvector of H(0). We fix the norm of Ψ0 to 
be ∣∣Ψ0∣∣2 = wL, where L is the system size. (2) We substitute the guessed 
eigenvector Ψi after i iterations into H(Ψ) and diagonalize H(Ψi). (3) 
We choose the obtained eigenvalue that is the closest to the previous 
guess Ei, and the corresponding eigenvector as the next guess Ei+1 and 
Ψi+1. (4) We iterate steps (2) and (3) until the distance between Ψi and 
Ψi+1 becomes smaller than the threshold of ∣∣Ψi+1 − Ψi∣∣ < ϵ, or the itera-
tion reaches a fixed number. We also perform these calculations start-
ing from all the eigenvectors of H(0) and obtain a set of nonlinear 
eigenvectors and eigenvalues of f(Ψ).

In Fig. 3, we consider the parametrized state-dependent Hamil-
tonian that corresponds to the nonlinear Chern insulator under the 
assumptions of the y-periodic Bloch ansatz and the open boundary 
condition in the x direction. The state-dependent Hamiltonian is 
described as

H(Ψ) =

(
u + Δ2

x + cos ky + κ(|Ψ1|2 + |Ψ2|2) (iΔx + i sin ky)

(iΔx − i sin ky) −(u + Δ2
x + cos ky + κ(|Ψ1|2 + |Ψ2|2))

) ,

(23)

where Δx and Δ2
x  are the difference operators defined as 

ΔxΨ(x) = [Ψ(x + 1) − Ψ(x)]/2 and Δ2
xΨ (x) = Ψ (x + 1) + Ψ (x − 1) − 2Ψ (x) , 

respectively. Then, we calculate the nonlinear eigenvalues of this 
state-dependent Hamiltonian at ky = nΔk, where n = −N, −N + 1… N − 1, N, 
and Δk = π/N (N = 50). Here we set the system size in the x direction as 
L = 10 and fix the average amplitude of the nonlinear eigenvector as 
∑x,j∣Ψj(x; ky)∣2/L = w independent of wavenumber ky. We note that the 
self-consistent calculation is only stable at weak nonlinearity. To cal-
culate the band structures in strongly nonlinear systems than those 

analysed in the main text, one should instead use the Newton method 
(Supplementary Methods).

Theorem of bulk–boundary correspondence in weakly 
nonlinear systems
We mathematically show the bulk–boundary correspondence in weakly 
nonlinear systems. Here we use a simple notation f (Ψ) = EΨ   
instead of fj(Ψ; r) = EΨj(r), where Ψ is the nonlinear eigenvector  
whose components correspond to the state variables at locations r 
 and internal degrees of freedom j. The claim of the theorem is as 
follows:

Theorem. Suppose f (Ψ) = EΨ is a nonlinear eigenvalue problem on a 
two-dimensional lattice system that satisfies the following assump-
tions. (1) When we rewrite the nonlinear function f as f (Ψ) = H(Ψ)Ψ, 
there exists a positive real number c < 1 that satisfies ||H(Ψ) − H(0)|| < gc/2 
for any complex vector Ψ, where g is the bandgap of H(0) and ∣∣⋅∣∣ is the 
operator norm. (2) There exists a positive real number c′ < 1 such that 
for any pairs of complex vectors Ψ and Ψ + ΔΨ with the norm w, they 
satisfy ||H(Ψ + ΔΨ) − H(Ψ)|| ≤ g(1 − c)c′(6√2w)

−1
||ΔΨ||. (3) For any com-

plex vector Ψ, one can rewrite the nonlinear function f(Ψ)  as 
f(Ψ) = H̃(Ψ) Ψ , where H̃  is a Hermitian matrix. (4) The nonlinear 

equation satisfies the U(1) symmetry, f(eiθΨ) = eiθf(Ψ). We also assume 
that the number of nonlinear eigenvectors is equal to that of the linear 
eigenvectors of H(0). Then, the nonlinear eigenequation f (Ψ) = EΨ 
exhibits robust gapless boundary modes if and only if its nonlinear 
Chern number is non-zero.

We note that here we relate the average amplitude wave = ∑r,j∣Ψj 
(r)∣2/L to the amplitude used in the definition of the nonlinear Chern 
number. To prove the theorem, we first show the following proposition.

Proposition 1. In the nonlinear eigenvalue problem that satisfies the 
assumptions in the theorem, the self-consistent calculation converges, 
namely, Ei → E∞ and Ψi → Ψ∞. Furthermore, there exists an eigenvector 
Ψ0 and eigenvalue E0 of H(0) that satisfy ∣∣E∞ – E0∣∣ < gc/2(1 – c′) and 
|| Ψ∞ −Ψ0|| < 2−1/2c(1 − 2c′)−1w.

To show this proposition, we utilize the perturbation theorem of 
the eigenvectors in linear systems. Suppose H is a non-degenerate 
Hermitian matrix and g is the minimum difference between its two 
eigenvalues. If ∣∣A∣∣ < g/2 in terms of the operator norm, for an arbitrary 
eigenvector Ψ of H + A, there exists an eigenvector Ψ0 of H that satisfies 
|| Ψ −Ψ0|| ≤ Dg−1||A|| || Ψ0|| (D = 2√2). We iteratively use this theorem 
and evaluate the distance between the guess of eigenvectors Ψi and 
Ψi+1 at each step.

We also show that the resulting eigenvalue and eigenvector, 
namely, E∞ and Ψ∞, respectively, are indeed a pair of nonlinear eigen-
value and eigenvector of f(Ψ), which is summarized below.

Proposition 2. The converged solutions of the self-consistent calcula-
tion E∞ and Ψ∞ satisfy f(Ψ∞) = E∞Ψ∞.

We show this proposition by using simple inequalities and limit 
evaluations. By using these propositions, we finally show the following 
lemma to prove the theorem.

Lemma. For an arbitrary eigenvector of a nonlinear eigenvalue 
problem (H + f(Ψ))Ψ = EΨ that satisfies the conditions in the theo-
rem, there exists the eigenvector of [H + (1 − ϵ) f(Ψϵ)]Ψϵ = EΨϵ  that 
satisfies ||Ψ −Ψϵ|| < Cwϵ  (0 < ε < g′/g, where g′ is the minimum dif-
ference of the eigenvalues of H + f(Ψ)), where w is the norm of Ψ  
and Ψϵ  and C is a constant independent of the eigenvector Ψ and 
constant ϵ.

This lemma indicates that in weakly nonlinear systems, one can 
map the nonlinear eigenvalues and eigenvectors onto those of a linear 
eigenvalue problem. Thus, we can show the bulk–boundary corre-
spondence in weakly nonlinear systems.
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Derivation of the nonlinear Dirac Hamiltonian and its gapless 
mode
We have derived the nonlinear Dirac Hamiltonian (equation (25)) as 
the effective theory of the low-energy dispersion of the nonlinear 
QWZ model around the critical amplitude. For example, if we focus 
on the critical amplitude wc = (−2 − u)/κ, the nonlinear band structure 
of the model closes the gap at (kx, ky) = (0, 0). Then, around the critical 
amplitude w ≈ wc and the gap-closing point (kx, ky) ≈ (0, 0), w remains 
the leading order term of the wavenumber-space description of the 
nonlinear QWZ model. Finally, by substituting the wavenumbers with 
the derivative, we derive the real-space description of the nonlinear 
Dirac Hamiltonian in equation (25) as

i∂tΨΨΨ(r) = ̂H(ΨΨΨ(r))ΨΨΨ(r), (24)

̂H(Ψ(r)) = (
m + κ(|Ψ1(r)|2 + |Ψ2(r)|2) −i∂x + ∂y

−i∂x − ∂y −m − κ(|Ψ1(r)|2 + |Ψ2(r)|2)
) . (25)

Starting from other critical amplitudes wc = −u/κ and wc = (2 − u)/κ, 
one can derive similar state-dependent Hamiltonians (Supplemen-
tary Note 8).

We have also analytically calculated the spatial distribution  
of the gapless modes of the nonlinear Dirac Hamiltonian. Here  
we assume the Bloch ansatz Ψi(x, y) = eikyyΨ ′

i (x)  that is periodic in  
the y direction and consider the semi-infinite system that has an  
open boundary at x = 0 and is extended to x → ∞. We calculate the local-
ized mode with the wavenumber ky and the eigenvector E = ky.  
Constructing an analogy to the linear case, one can use an ansatz 
(Ψ1(x, y),Ψ2(x, y))

T = eikyyϕ(x)(1/√2, −i/√2) T  to describe the localized 
mode. Then, ϕ(x) should satisfy ∂xϕ(x) = mϕ(x) + κ∣ϕ(x)∣2ϕ(x). We can 
analytically obtain the solution of this equation as

ϕ(x) = eiθ
√

1
−(κ/m) + De−2mx , (26)

where D is the integral constant and −(κ/m) + De−2mx must be positive.

Nonlinear Chern number of the nonlinear Dirac Hamiltonian
To calculate the nonlinear Chern number of the nonlinear Dirac 
Hamiltonian (equation (25)), we use the Bloch ansatz Ψi(x, y) = ψi(k)
exp(i(kxx + kyy)) (without explicit (x, y) dependence because of the 
continuous translational symmetry). Then, we analytically obtain the 
nonlinear Chern number of the nonlinear Dirac Hamiltonian as

CNL = {
1
2

(m + κw > 0)

− 1
2

(m + κw < 0)
, (27)

where w = ∫SdS[∣Ψ1(x, y)∣2 + ∣Ψ2(x, y)∣2]/∣S∣ is the average squared ampli-
tude of plane waves in this nonlinear system. We note that the nonlin-
ear Chern number of the nonlinear QWZ model corresponds to the  
sum of those of the nonlinear Dirac Hamiltonians obtained from  
the expansion around the gap-closing points (kx, ky) = (0, 0), (0, π),  
(π, 0), (π, π).

Numerical calculations of the quench dynamics
We have numerically solved the nonlinear Schrödinger equation (equa-
tion (15)) with the initial condition localized at the left edge (Fig. 5a). 
As the initial conditions, we study the two cases. One is

Ψ1 (x, y) = δx,1/√2, Ψ2 (x, y) = iδx,1/√2, (28)

which corresponds to the solution with u = −1 of the linear model (κ = 0). 
The other is

Ψ1 (x, y) = (−1) yδx,1/√2, Ψ2 (x, y) = i(−1) yδx,1/√2, (29)

which corresponds to the solution with u = 1 of the linear model (κ = 0). 
Supplementary Note 13 shows the derivation. For the numerical calcu-
lation, we used the NDSolve function in Mathematica (version 13.3). 
We consider aL × L lattice (we set L = 10 in the numerical calculation) 
under the open boundary condition in the x direction and the periodic 
boundary condition in the y direction.

We solve the nonlinear Schrödinger equation (equation (15)) under 
the two initial conditions in equations (28) and (29). The time evolu-
tion of |Ψ1(x, y)|2 + |Ψ2(x, y)|2 is shown in Fig. 5d,e. We define the phase 
indicator P as

P ≡ max
0.99T<t<T

1
L

L
∑
y=1

[|Ψ1 (x = 1, y)|2 + |Ψ2 (x = 1, y)|2] , (30)

where T = 10. We have P ≈ 0 in the trivial phase (Fig. 5b), which implies 
the absence of localized edge states. On the other hand, we have P ≈ 1 in 
a topological phase (Fig. 5c), which implies the presence of a localized 
edge mode. To elucidate the topological phase diagram, we plot P in 
the u–κw plane (Fig. 5d,e). We find that the phase indicator is 1 along 
the blue line, where the exact solution is valid. It shows that the exact 
solution is realized by the quench dynamics.

To compare the phase boundary obtained from the quench 
dynamics and the nonlinear Chern number, we relate the bulk ampli-
tude w with the edge amplitude wedge = 1. Then, grey lines in Fig. 5 
show the phase boundary of the nonlinear Chern number. This defini-
tion of the amplitude under the open boundary condition is different 
from that used in the calculation of the nonlinear band structures 
because we should choose the proper definition to observe the 
bulk–boundary correspondence in each numerical method for dem-
onstrating the nonlinear edge modes (Supplementary Methods).

Data availability
All relevant data to interpret the results of this study are included in 
the figures. All other data that support the plots within this paper and 
other findings of this study are available from the corresponding author 
upon reasonable request.
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