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As first demonstrated by the characterization of the quantum Hall effect
by the Chern number, topology provides a guiding principle to realize the

robust properties of condensed-matter systems immune to the existence of
disorder. The bulk-boundary correspondence guarantees the emergence
of gapless boundary modes in atopological system whose bulk exhibits
non-zero topological invariants. Although some recent studies have
suggested a possible extension of the notion of topology to nonlinear
systems, the nonlinear counterpart of a topological invariant has not yet
been understood. Here we propose a nonlinear extension of the Chern
number based on the nonlinear eigenvalue problems in two-dimensional
systems and show the existence of bulk-boundary correspondence beyond
the weakly nonlinear regime. Specifically, we find nonlinearity-induced
topological phase transitions, in which the existence of topological edge
modes depends on the amplitude of oscillatory modes. We propose and
analyse aminimal model of a nonlinear Cherninsulator whose exact bulk
solutions are analytically obtained. The model exhibits the amplitude
dependence of the nonlinear Chern number, for which we confirm the
nonlinear extension of the bulk-boundary correspondence. Thus, our result
reveals the existence of genuinely nonlinear topological phases that are
adiabatically disconnected fromthe linear regime.

Topology is utilized to realize the robust properties of materials
that are immune to disorders'* A prototypical example of topologi-
cal materials is the quantum Hall effect®*, which was discovered in
atwo-dimensional semiconductor under a magnetic field. Insuch a
two-dimensional system, the Chernnumber characterizes the topology
oftheband structure and the corresponding gapless boundary modes.
This bulk-boundary correspondence lies at the heart of the robust-
ness of topological devices utilizing boundary modes. Recent studies
have also explored topological phenomena in a variety of platforms,

such as photonics’, electrical circuits®, ultracold atoms’, fluids® and
mechanical lattices’.

Although band topology hasbeenwell exploredinlinear systems,
nonlinear dynamics is ubiquitous in classical'®™ and interacting bos-
onic systems'®”, For example, nonlinear interactions can naturally
emerge in the mean-field analysis of bosonic many-body systems, such
as the Gross-Pitaevskii equations. Recent research has also studied
the nonlinear effects on topological edge modes'*"** and revealed
unique topological phenomena intertwined with solitons** and
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Fig.1|Schematic of the nonlinear Chern insulators and the nonlinearity-
induced topological phase transition. Although the topology of anon-
interacting linear system can be characterized by the Chern number that is
computed fromits eigenvectors, the topology of a nonlinear systemiis classified
by the nonlinear Chern number, which utilizes the nonlinear extension of the
eigenequation. In weakly nonlinear regions (that is, small amplitude), the
nonlinear Chern number predicts the existence of edge modes corresponding
to those in linear systems. Specifically, when nonlinear systems exhibit edge-
localized steady states, both nonlinear and linear Chern numbers are non-zero
(top). If we inject higher energy into the system and consider the eigenmodes
with large amplitudes, the nonlinear band structure can become gapless. At such
agapless point, anonlinearity-induced topological phase transition can occur,
where topological boundary modes appear with the non-zero nonlinear Chern
number (bottom). The nonlinearity-induced topological phases exhibit boundary
modes that cannot be predicted from the linear Chern number. Therefore, such
topological phases are genuinely unique to nonlinear systems.

synchronization®***, Nonlinearity can further modify the conventional
notion of topological phases; it has been found that one-dimensional
systems can exhibit nonlinearity-induced topological phase transi-
tions, where the existence of topological edge modes depends on
the amplitude of the oscillatory modes®**. Although these previous
studies have indicated the existence of topological edge modesin non-
linear systems, one cannot straightforwardly extend the topological
invariants tononlinear systems because they have no band structures,
at least in the conventional sense. In addition, nonlinear topology in
two-dimensional systems'**** is much less understood than thatin
one-dimensional systems.

In this paper, we introduce the notion of the nonlinear Chern
number andrevealitsrelationto the bulk-boundary correspondence.
To define the nonlinear Chern number of two-dimensional systems, we
consider the nonlinear extension of the eigenvalue problem***** and
make an analogy to band structures. Although it is not obvious that
the nonlinear eigenvalue problem elucidates the bulk-boundary cor-
respondenceinnonlineartopologicalinsulators, we theoretically prove
the bulk-boundary correspondence of the nonlinear Chernnumberin
weakly nonlinear systems. Furthermore, in stronger nonlinear regimes
where nonlinear terms are larger compared with the linear bandgap,
we find that the nonlinearity-induced topological phase transition
can occur in two-dimensional systems (Fig. 1). We analytically show
the nonlinear bulk-boundary correspondence, which states that the
non-zero nonlinear Chern number predicts the existence of localized
edge modes in semi-infinite systems even under strong nonlinearity.
Since the nonlinearity-induced topological phases are disconnected
from thelinear limits under adiabatic deformations, our results show
the existence of genuinely nonlinear topological phases.

Thescope of this paper applies to abroad class of two-dimensional
systems with U(1) gauge and spatial translation symmetries, which can

berealized inavariety of experimental setups. Similar to how the Thou-
less-Kohmoto-Nightingale-den Nijs formula* triggered the research
of a variety of topological materials, the nonlinear Chern number is
expected to open up the research stream of nonlinear topological
materials including their systematic classification. From the experi-
ment point of view, one can realize nonlinear Chern insulators with
the U(1)-gauge symmetry in, for example, photonics''>!820222427303¢)
ultracold atoms'®"? and electrical circuits®***, where both linear band
topology and nonlinear effects have been investigated. In particular,
since the Kerr nonlinearity' is fairly common in photonic systems, it
should be possible to extend the current topological photonic devices
tononlinear ones.

Nonlinear eigenvalue problem and nonlinear
Chernnumber

We consider the nonlinear extension of the eigenvalue equations****
and define the nonlinear Chern number by using nonlinear eigenvec-
tors. We start from the general nonlinear dynamics:

i0,%,(r) = f(W; 1), (4]

where Y (r) is the state variable and f(-; r) is a nonlinear function of
the state vector ¥.Inlattice systems, r denotes a representative point
in each unit cell of the lattice (Fig. 2a). Then,jrepresents the internal
degrees of freedom that include, for example, sublattices and effec-
tive spin degrees of freedom. When we consider continuum systems,
rshould simply represent the locationandj corresponds to theinternal
degrees of freedom such as spins. For example, the Gross-Pitaevskii
equation in the continuous space is given by AW; ¥) =-V2W(r)/(2m) +
VW(r) + (4ta/m)|W(r)|*Y(r), where Vis a potential and m and a are
the mass and scattering length, respectively. The nonlinear function
f(-; ¥r)depends on ¥(r) andits derivative, and has no internal degrees of
freedom. Since the quantum Hall system has U(1) and translation
symmetries, we impose them on the nonlinear equation to study the
analogy of such a prototypical topological insulator. Concretely,
the U(1) symmetry is represented as]j(e“’lll; r)= e“’fj(lll; r), whichis
satisfied in, for example, the Kerr-like nonlinearity x| ¥,(r)|*¥;
(r) (ref. 10). The translational symmetry in lattice systems is defined
asf(W;r+a)=f(d;r), whereaisalattice vector and @ is the trans-
lated state variable: @,(r) = ¥(r + a). The translational symmetry in
continuum systems is also defined in the same equation, whereas
f{®; r)stillremains dependent onr due to, for example, the periodic
potential. We also focus on conservative dynamics analogous to
Hermitian Hamiltonians where the sum of squared amplitudes
Y| W(r)is preserved.
Inaccordance with the nonlinear dynamical systeminequation (1),
the nonlinear eigenvector and eigenvalue are defined as the state vector
Ywith components ¥,(r) and the constant £ that satisfy

S (Wi r) = Eg(r). (2)

We term the equation as a nonlinear eigenequation and analyse its
bulk-boundary correspondence below. We note that we can regard
the nonlinear eigenvector as a periodically oscillating steady state
Y(r;0)= e‘if‘lllj(r) of the nonlinear system when the eigenvalue is real.

To extend the Chern number to nonlinear systems, we introduce
the eigenvalue problems in the wavenumber space, which is analo-
gous to the linear eigenequation of the Bloch Hamiltonian. In a lat-
tice system with translation symmetries, we assume an ansatz state*
that we name the Bloch ansatz: ¥(r) = e“‘"(/)j(k). In linear systems, the
Blochtheoremguarantees that every eigenvectoris given by the form
of the Bloch ansatz. On the other hand, in nonlinear systems, there
can be nonlinear eigenvectors out of the description of the Bloch
ansatz, including bulk-localized ones. Despite the existence of such
localized modes, here we only focus on nonlinear bulk eigenvectors
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Fig.2|Phase diagram and dynamics of the nonlinear QWZ model.

a, Schematic of the nonlinear QWZ model. The model has two sublattices

(black circles) at each lattice point encircled by the blue ellipse. The green lines
represent the linear couplings. We use the notation ¥,(x, y) to represent the state
variable at each sublattice, where (x, y) is the location of the representative point
of each lattice point denoted by the red cross. b, Analytical demonstration of
the phase diagram of the nonlinear QWZ model. The horizontal axis represents
the parameter of the mass term and the vertical axis corresponds to the strength
of nonlinearity. The colour of each separated region represents the difference
inthe nonlinear Chern number. ¢, Numerical demonstration of the absence

of edge modes in the topologically trivial parameter region. We simulate the
dynamics of the prototypical model of a nonlinear Chern insulator starting from
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aninitial state localized at the left edge. We impose the open boundary condition
inthexdirection and the periodic boundary conditionin the y direction. The
figure shows the snapshotat ¢ = 1. The colour shows the absolute value of the
components of the state vector at each site. The parameters used are u =3 and
k=0.1,and the average amplitude is w = 0.1, which corresponds to the red square
inb.d, Numerical demonstration of the existence of the long-lived localized state
in the weakly nonlinear topological insulator. The figure shows the snapshot of
thesimulation at ¢ = 1. The sites at the left edge show large amplitudes, which
indicates the existence of the edge-localized state. The parameters used are u = -1
and k= 0.1, and the average amplitude is w = 0.1, which corresponds to the blue
circleinb.

eprdwy

described by the Bloch ansatz and show that even such periodic bulk
solutions can exhibit topological phenomenainherent to nonlinear sys-
tems, namely, the nonlinearity-induced topological phase transition.
Under this ansatz and U(1) symmetry, one can rewrite the nonlinear
eigenequation as fi(k, P (k)) = E(k)y(k) parametrized by k (Supple-
mentary Note 1 provides a detailed derivation). We note that in finite
periodic systems, the Bloch-ansatz solution is still an eigenvector,
whereasit can be unstable under superposition with other eigenstates.

To capture the nonlinearity-induced topological phase transi-
tion depending on amplitudes, we focus on a special solution of the
nonlinear eigenvector at each k whose sum of the squared amplitudes
Y1¢(K)* = wis fixed independently of wavenumber k. We note that the
assumption of such fixed-amplitude Bloch-ansatz solutions is consist-
ent with the perturbative calculation of the nonlinear eigenvectors
(Methods). By using fixed-amplitude nonlinear eigenvectors, we define
the nonlinear Chern number as

Ca(@) = 5 f ka<\/%<w(k)l) Vk(\/%lw(k») ek )

We note that this definitionis reduced to the conventional linear Chern
number if fdefined in equation (2) is a linear function. It is also note-
worthy that since special solutions of nonlinear eigenvectors should

exist at arbitrary win ordinary nonlinear systems, we can define the
nonlinear Chern number atany positive wexcept for gap-closing points.
One can prove that the nonlinear Chern number is aninteger by embed-
ding the nonlinear eigenvectors into an eigenspace of a linear Bloch
Hamiltonian (Supplementary Note 2). The main purpose of this paper
istoshow the bulk-boundary correspondence for thisnonlinear Chern
number. Since the eigenvector can be changed by the amplitude w,
the nonlinear Chern number also depends on w (Fig.1). Therefore, the
nonlinear Chernnumber can predict the nonlinearity-induced topologi-
cal phase transition by the change in amplitude of nonlinear systems,
which s absent in linear systems?**~**, Although here we define the
nonlinear Chern number in lattice systems, we can also define that in
continuum systems (Methods).

Since the parameter w is unique to nonlinear systems, it is
non-trivial how to relate the amplitude w under the periodic bound-
ary condition to that under the open boundary condition to formu-
late the bulk-boundary correspondence. There are two possible
choices: one can equate w under the periodic boundary condition to
either theaverage amplitude w,,. =Y, | ¥(r)|*/L or the edge amplitude
Wegge = | W (Feqge) | in the model under the open boundary condition,
thelatter of whichis used to calculate the corresponding edge modes.
As shown later, both definitions can predict the topological phase
transition in the continuum limit.
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Fig.3|Nonlinear band structure and edge modes of the weakly nonlinear
QWZ model. a, We numerically calculate the nonlinear band structure of the
topologically trivial system under the open boundary condition in the x direction
and the periodic boundary conditionin the y direction. In the datashowninaand
b, we relate the average amplitude w,,. to the amplitude of the bulk modes w. One
can confirm the absence of gapless modes. The parametersused areu=3,k=0.1

Wavenumber, ky X

and w = 0.1.b, Nonlinear band structure of the topologically non-trivial system
isnumerically calculated. There are gapless modes that connect the upper and
lower bulk bands. The parameters used are u =-1, k= 0.1and w = 0.1. ¢, Spatial
distribution of the gapless mode is presented. The eigenvalue of the localized
mode corresponds to the red circle in the band structureinb.

Previous research on one-dimensional nonlinear systems* has
indicated the appearance of higher-order correction terms in the
topological invariant due to multifrequency effectsin nonlinear eigen-
vectors. However, under the U(1) symmetry, higher-order terms are
excluded from the nonlinear Chern number. We also note that the
Bloch ansatz does not describe bulk-localized solutions that can be
obtained in strongly nonlinear systems, whereas the ansatz still cap-
tures nonlinearity-induced topological phenomena. Therefore, we
mainly focus on weakly and more strongly nonlinear systems where
thenonlinear terms are smaller than the linear terms (Supplementary
Note 3 shows the Bloch-wave-like solutions of the bulk modes in this
parameter region).

Nonlinear Chern number calculated from exact
solutions

To investigate the bulk-boundary correspondence, that is, the
correspondence between the non-zero nonlinear Chern number
and the existence of the edge-localized steady state, we propose
and analyse the nonlinear extension of the Qi-Wu-Zhang (QWZ)
model® (Methods provides the real-space description of the model).
By usingthe Blochansatz, werigorously obtainits wavenumber-space
description:

Sk, ®(k))

(u+Kw+cost+cosky

sink, +isink, )(([Jl(k))

P (k)
“)

sink, —isink, —(u + Kkw + cos ky + cos k)

where w is the squared amplitude w = |, (K)|* + |,(K)|% u and k are
dimensionless parameters of the linear and nonlinear mass terms,
respectively. Here we introduce the staggered Kerr-like nonlinearity
+kw to the linear Chern insulator model®.

To calculate the nonlinear Chern number, we focus on special
solutionswhere the squared amplitude wis fixed independent of wave-
number k. Then, we can regard equation (4) as a linear equation and
thus can analytically obtain the exact bulk solutions of the nonlinear
eigenvalues and eigenvectors as the linear QWZ model. Using the
exactly obtained nonlinear eigenvectors, we calculate the nonlin-
ear Chern number and obtain the phase diagram shown in Fig. 2b
(Methods shows the detailed calculation and Supplementary Note
6 provides the numerical confirmation). The amplitude depend-
ence of the nonlinear Chern number indicates the existence of the
nonlinearity-induced topological phase transition in the nonlinear
QWZ model. We note that since we calculate the nonlinear Chern
number from the exact nonlinear eigenvectors, our result shows the

existence of the nonlinearity-induced topological phase transition
without any approximations. Such an analytical demonstration of
the nonlinearity-induced topological phase transition is achieved by
considering nonlinear equations with the form

0., (k’ t) = anm (Z |¢’J (k, t)|2) Pm (k, t) > Q)]

where ¢;and k are the state variables and wavenumber, respectively.
Under the existence of a more general nonlinear term, we may also
define and calculate the nonlinear Chern number by appropriately
defining w (Supplementary Notes 4 and 5).

Bulk-boundary correspondence in weakly
nonlinear systems

We first numerically confirm the bulk-boundary correspondence in
weakly nonlinear systems. We simulate the dynamics of the nonlinear
QWZ model (equation (4)) with weak nonlinearity, where the nonlin-
ear Chern number is the same as that in the linear limit kw > 0. In the
topological phase (Cy, = £1; Fig. 2d), we find along-lived localized state
that corresponds to atopological edge mode inthe QWZ model. Mean-
while, in the case of C, = 0 (Fig. 2¢c), the edge-localized initial state is
spreadtothe bulk, whichindicates the absence of edge modes. We also
confirm the bulk-boundary correspondence from the perspective of
the nonlinear band structure (Fig. 3; Methods provides the numerical
method), which implies the utility of the nonlinear band structure to
detect topological edge modes.

In fact, the bulk-boundary correspondence between the non-
linear Chern number and the gapless edge modes can be established
in general weakly nonlinear systems. We mathematically show the
bulk-boundary correspondence under weak nonlinearity compared
with the linear bandgap. Methods and Supplementary Note 7 describe
the details of the theorem and its proof.

Nonlinearity-induced topological phase
transition

We next show that nonlinearity-induced topological phase transitions
occur in the stronger nonlinear regime, where the nonlinear Chern
number becomes nonzero and topological edge modes appear at a
critical amplitude. First, we consider continuum systems and analyti-
cally show such nonlinearity-induced topological phase transitions
and the bulk-boundary correspondence under stronger nonlinearity.
Specifically, we derive the effective theory of the low-energy dispersion
of the nonlinear QWZ model as

i0,W(r) = AWEX)¥(r), (6)
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Fig.4 | Phase diagram and localized modes of the nonlinear Dirac
Hamiltonian. a, Phase diagram of the nonlinear Dirac Hamiltonian, which
demonstrates the nonlinear bulk-boundary correspondence in the continuum
model. The vertical axis represents the amplitude, and the horizontal axes
correspond to the parameters of the nonlinear Dirac Hamiltonian. The blue
curved surface shows the phase boundary that separates a trivial phase without
boundary modes and a topological phase exhibiting localized modes at the

left boundary. The red surfaces present the boundaries where the sign of the
parameters of the Dirac Hamiltonian changes. The red lines show the phase
boundaries at the surfaces of w=1and w =2.Inthelinear limit (w = 0), the
topological phases are separated by the m = 0 axis, whereas the nonlinearity
modifies the boundary of the topological phases. b-d, Representative shape of
thelocalized mode in each of the topologically non-trivial parameter regions.
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b, When mis negative and k is positive, we obtain alocalized modein the
small-amplitude region, whichis regarded as a counterpart of aconventional
topological edge mode. We set m, kand Das m=-0.5,k=1and D =3.c, When both
mand k are negative, alocalized mode appears independent of the amplitude
asinlinear topological insulators. We set m=-0.5,k=-1and D =3.d, When

mis positive and k is negative, the nonlinear Dirac Hamiltonian exhibits the
nonlinearity-induced topological phase transition. We obtain an unconventional
localized mode if the amplitude is larger than a critical value. In this localized
mode, there exist non-vanishing amplitudes evenin the limit of x > e. We set
m=0.5,k=-2and D=-3.e, We can also obtain anti-localized modes in the
topologically trivial phase, which are unique to nonlinear systems. We set m = 0.5,
k=-2and D=-20.

AW(r) =
m+ k(GO + & ()?)
-id, -9,

—id, + 0,

) )
—m - k(O + [T®P) )

wherem=u+2andW(x,y) = (¥,(x,y), ¥,(x,y))"is the state-vector func-
tionatlocation (x, y) (Methods and Supplementary Note 8 provide the
derivation). This state-dependent Hamiltonian has asimilar structure
to the Dirac Hamiltonian, except for the nonlinear mass term
k(|¥,* +|¥,/», and thus, we termit the nonlinear Dirac Hamiltonian. In
general, the nonlinear Dirac Hamiltonian should describe the
low-energy dispersions of abroad class of nonlinear topological insu-
lators, and thus, its localized modes unveil the existence of topological
edge modes in various continuum systems. By considering the right
semi-infinite systemwhich hasan openboundary atx = 0 and are peri-
odicin the y direction, and assuming the ansatz (¥;(x, y), J/z(x,y))T
= e”‘yyq)(x)(l/\/i, —i/\ﬁ) (E=k;), we cananalytically obtain the spatial
distribution of the gapless mode of the nonlinear Dirac Hamiltonian
as

(06, ), Ty, ))"
. @)
= eily+6) | W(l/ﬁ’ _i/ﬁ) T,

where Dis the integral constant and -(k/m) + De ™ must be positive.

Figure 4 summarizes the nonlinear Chern numbers (Methods) and
the behaviours of gapless modes in the nonlinear Dirac Hamiltonian
at different parameters. In the case of m < 0, where the Chern number
is C=1/2in the linear limit, we obtain the localized states at the left
sideasinthelinear case. These localized states are consistent with the
bulk-boundary correspondence in weakly nonlinear systems, as shown

earlier. We can also check that no localized modes appear in the case
of positive m and k, where the nonlinear Chern number is Cy, =-1/2 at
any amplitude.

To discuss the bulk-boundary correspondence under stronger
nonlinearity, we must relate the amplitude w under the periodic bound-
ary condition to w,, = fé dx|@OOP/L OF Weye = |9(0)]* Of the
edge-localized mode obtained under the open boundary condition. In
fact, either choice can exactly predict the phase boundary as shownin
the case of m >0, k < 0, where we obtain the localized state with the
residual amplitude 4/|m/k]| in the limit of x > e, In this case, we obtain a
gaplesshomogeneous mode ¢(x) = 4/|m/k|atthe phaseboundary.Since
bothw,,. and weq, 0f suchahomogeneous mode are w;ye/edge = V IM/K|
and satisfy m + kw,c/eqqe = 0, both definitions of the amplitude predict
the nonlinearity-induced topological phase transition associated with
the amplitude-dependent Chern number (Supplementary Note 9). We
note that the non-vanishingamplitudein the limit of x > «indicates that
itisimpossible to normalize the edge mode. In finite systems, however,
such a non-vanishing localized mode can be normalized and thus can
robustly emerge. We also obtain anti-localized modes satisfying
|@(0)| < |¢p(x)| for D >0 (Fig. 4e), whichis unique to nonlinear systems.

We canalso confirm the bulk-boundary correspondencein lattice
systems (Supplementary Notes 10 and 12-17). Specifically, by making
the correspondence between the bulkamplitude wand edge amplitude
Weqge, the non-zero nonlinear Chern number corresponds to the exist-
ence of localized zero modes. We analytically show such bulk-bound-
ary correspondence in semi-infinite systems and numerically confirm
itinfinite systems of the nonlinear QWZ model.

Observation protocol of edge modes via quench
dynamics

Onecanobserve the topological properties viaquench dynamics, which
directly detects the existence of topological edge modes. In quench
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Fig. 5| Phase diagram of the quench dynamics of the nonlinear QWZ model.
a, Schematic of the experimental protocol of the quench dynamics. First, one
excites the edge sites by, for example, applying lasers to the edge resonators in
nonlinear topological photonicinsulators. Then, one observes the nonlinear
dynamics without external fields and confirms the existence or absence of along-
lived localized state. b, Time evolution of the quench dynamicsin atrivial phase.
We use the parameters u = -2.5and k = 0.25, and set the initial edge amplitude
asw =1, which corresponds to the white square in d. We confirm the absence of
localized edge modes. ¢, Time evolution of the quench dynamics of nonlinear
edge modes. We use the parameters u = -2.5 and k = 1.5, and set the initial edge
amplitude asw =1, which corresponds to the white circle in d. We confirm that
alocalized state remains for along time, which indicates the existence of edge

modes. d,e, Simulation of the quench dynamics and a plot of the amplitude
remaining at the edge sites in the long-term limit after aquenchin the u-xw
plane. Thelight-blue lines indicate the parameters where we can obtain the
exact edge-localized solutions. The white numbers show the nonlinear Chern
number, and the grey lines represent their phase boundaries, where we relate the
amplitude wto Wy, = ¥,|¥(x = 0)]*at t = 0. These lines agree with the boundary
of the topological phase, and thus, the quench dynamics shows the shiftin the
phase boundary by nonlinearity. We take the different initial configurations
corresponding to the edge modesin thelinearlimitatu=-lindandu=1ine.
Thus, the phase diagrams of the quench dynamics reproduce the topological
phases with different Chern numbersin these panels (C=-1fordand C=1fore).

dynamics, one only has to excite the edge sites at homogeneous ampli-
tudes and observe the dynamics without any other externalinteractions
(Fig. 5a). To confirm the correspondence between the existence of
nonlinear edge modes and the localized states in quench dynamics, we
numerically simulate the quench dynamics of anonlinear QWZ model
(equation (4)) at various parameters. Figure 5b,c shows the time evolu-
tion of the quench dynamics with and without nonlinear edge modes.
We also obtain the phase diagrams (Fig. 5d,e), which are classified by
the amplitude at the edge of the sample in the long-time limit. Here
we consider two initial states equivalent to the nonlinear edge modes
atu + kw = =1 (Methods). We confirm that the localized states remain
inthe topological cases and vanish in the trivial cases. Identifying the
bulk amplitude w as Weq4e. = ¥,,|¥,(0, Y)I/L, (L, is the system size in the
ydirection) of the initial state, we confirm that the nonlinear Chern
number Cy, (w) roughly corresponds to the phase boundaries in the
quench dynamics, which indicates that the nonlinear Chern number
andits nonlinearity-induced topological phase transition can predict
the existence of experimentally observable localized states.

Possible experimental setups of nonlinear Chern
insulators

Nonlinear Chern insulators are expected to be realized by using top-
ological photonics with the Kerr nonlinearity. In particular, we can
replace the nonlinear term in equation (4) by on-site Kerr nonlinear
terms, that is, k| ¥(x, ) *¥(x, y), and such Kerr nonlinearity is feasi-
ble in various photonic systems. Supplementary Note 18 further dis-
cusses apossible optical setup and the analytical demonstration of the
nonlinearity-induced topological phase transition under the on-site
Kerr nonlinearity.

Discussions
Our results indicate the existence of unique topological phenomena
beyond the weakly nonlinear regime. There remainintriguingissues to

establish the topological classification of nonlinear systemsincluding
further strongly nonlinear cases where nonlinearity is even stronger
than the linear couplings. Since such strong nonlinearity can induce
bulk-localized modes'®****¢ and topological edge solitons** > that are
out of the description of the Bloch ansatz, it is unclear whether or not
the nonlinear Chern number still fully works. We can also discuss the
linear stability of the Bloch-ansatz state, which may be related to the
topological phase transition”® (Supplementary Note 19). It may also
be intriguing to investigate the connection to many-body quantum
physics because nonlinear terms can be derived from the mean-field
approximation'®” or the Kohn-Sham equation***® of interacting sys-
tems in general (Supplementary Note 20). Therefore, the nonlinear
topology may also be useful to understand the topology of interact-
ing systems.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code
availability areavailable at https://doi.org/10.1038/s41567-024-02451-x.

References

1. Kane, C.L.&Mele, E. J. Z, topological order and the quantum spin
Hall effect. Phys. Rev. Lett. 95, 146802 (2005).

2. Hazan, M. Z. &Kane, C. L. Colloquium: topological insulators. Rev.
Mod. Phys. 82, 3045-3067 (2010).

3. Klitzing, K. V., Dorda, G. & Pepper, M. New method for
high-accuracy determination of the fine-structure constant based
on quantized Hall resistance. Phys. Rev. Lett. 45, 494-497 (1980).

4. Thouless, D. J., Kohmoto, M., Nightingale, M. P. & Nijs, M. D.
Quantized Hall conductance in a two-dimensional periodic
potential. Phys. Rev. Lett. 49, 405-408 (1982).

Nature Physics


http://www.nature.com/naturephysics
https://doi.org/10.1038/s41567-024-02451-x

Article

https://doi.org/10.1038/s41567-024-02451-x

10.
.

12.

13.

4.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Lu, L., Joannopoulos, J. D. & Soljaci¢, M. Topological photonics.
Nat. Photon. 8, 821-829 (2014).

Ningyuan, J., Owens, C., Sommer, A., Schuster, D. & Simon, J.
Time- and site-resolved dynamics in a topological circuit.

Phys. Rev. X5, 021031 (2015).

Jotzu, G. et al. Experimental realization of the topological
Haldane model with ultracold fermions. Nature 515, 237-240
(2014).

Yang, Z. et al. Topological acoustics. Phys. Rev. Lett. 114, 114301
(2015).

Kane, C. L. & Lubensky, T. C. Topological boundary modes in
isostatic lattices. Nat. Phys. 10, 39-45 (2013).

Boyd, R. W. Nonlinear Optics (Academic Press, 2003).

Smirnova, D., Leykam, D., Chong, Y. & Kivshar, Y. Nonlinear
topological photonics. Appl. Phys. Rev. 7, 021306 (2020).

Ota, Y. et al. Active topological photonics. Nanophotonics 9,
547-567 (2020).

Acebron, J. A, Bonilla, L. L., Pérez, V. C. J., Ritort, F. & Spigler, R.
The Kuramoto model: a simple paradigm for synchronization
phenomena. Rev. Mod. Phys. 77,137-185 (2005).

Strogatz, S. H. Nonlinear Dynamics and Chaos with Student
Solutions Manual: With Applications to Physics, Biology, Chemistry,
and Engineering (CRC Press, 2018).

Marchetti, M. C. et al. Hydrodynamics of soft active matter. Rev.
Mod. Phys. 85, 1143-1189 (2013).

Gross, E. P. Structure of a quantized vortex in boson systems.
Nuovo Cim. 20, 454-477 (1961).

Pitaevskii, L. P. Vortex lines in an imperfect Bose gas. Sov. Phys.
JETP13, 451-454 (1961).

Lumer, Y., Plotnik, Y., Rechtsman, M. C. & Segev, M. Self-localized
states in photonic topological insulators. Phys. Rev. Lett. 111,
243905 (2013).

Bomantara, R. W., Zhao, W., Zhou, L. & Gong, J. Nonlinear Dirac
cones. Phys. Rev. B 96, 121406 (2017).

Harari, G. et al. Topological insulator laser: theory. Science 359,
1230 (2018).

Zangeneh-Nejad, F. & Fleury, R. Nonlinear second-order
topological insulators. Phys. Rev. Lett. 123, 053902 (2019).
Maczewsky, L. J. et al. Nonlinearity-induced photonic topological
insulator. Science 370, 701-704 (2020).

Lo, P. W. et al. Topology in nonlinear mechanical systems.

Phys. Rev. Lett. 127, 076802 (2021).

Jirgensen, M., Mukherjee, S. & Rechtsman, M. C. Quantized
nonlinear Thouless pumping. Nature 596, 63-67 (2021).
Mochizuki, K., Mizuta, K. & Kawakami, N. Fate of topological edge
states in disordered periodically driven nonlinear systems.
Phys. Rev. Research 3, 043112 (2021).

Fu, Q., Wang, P., Kartashoy, Y. V., Konotop, V. V. & Ye, F. Nonlinear
Thouless pumping: solitons and transport breakdown. Phys. Rev.
Lett. 128, 154101 (2022).

Mostaan, N., Grusdt, F. & Goldman, N. Quantized topological
pumping of solitons in nonlinear photonics and ultracold atomic
mixtures. Nat. Commun. 13, 5997 (2022).

Leykam, D., Smolina, E., Maluckov, A., Flach, S. & Smirnova, D. A.
Probing band topology using modulational instability. Phys. Rev.
Lett. 126, 073901 (2021).

Chen, B. G., Upadhyaya, N. & Vitelli, V. Nonlinear conduction via
solitons in a topological mechanical insulator. Proc. Natl Acad.
Sci. USA 1M1, 13004-13009 (2014).

Leykam, D. & Chong, Y. D. Edge solitons in nonlinear-

photonic topological insulators. Phys. Rev. Lett. 117, 143901
(2016).

Zhang, Z. et al. Observation of edge solitons in photonic
graphene. Nat. Commun. 11,1902 (2020).

32. Ivanov, S. K., Kartashov, Y. V., Maczewsky, L. J., Szameit, A. &
Konotop, V. V. Edge solitons in Lieb topological Floquet insulator.
Opt. Lett. 45,1459-1462 (2020).

33. Mukherjee, S. & Rechtsman, M. C. Observation of unidirectional
solitonlike edge states in nonlinear Floquet topological insulators.
Phys. Rev. X 11, 041057 (2021).

34. Li, R. etal. Topological bulk solitons in a nonlinear photonic Chern
insulator. Commun. Phys. 5, 275 (2022).

35. Ezawa, M. Nonlinearity-induced chiral solitonlike edge states in
Chern systems. Phys. Rev. B106, 195423 (2022).

36. Kotwal, T. et al. Active topolectrical circuits. Proc. Natl Acad. Sci.
USA 118, €2106411118 (2021).

37. Song, K., Ashida, Y. & Sagawa, T. Topological synchronization
of coupled nonlinear oscillators. Phys. Rev. Research 4, 023211
(2022).

38. Wachtler, C. W. & Platero, G. Topological synchronization of quantum
van der Pol oscillators. Phys. Rev. Research 5, 023021 (2023).

39. Hadad, Y., Khanikaey, A. B. & Alu, A. Self-induced topological
transitions and edge states supported by nonlinear staggered
potentials. Phys. Rev. B 93, 155112 (2016).

40. Darabi, A. & Leamy, M. J. Tunable nonlinear topological insulator
for acoustic waves. Phys. Rev. Appl. 12, 044030 (2019).

41. Tuloup, T., Bomantara, R. W., Lee, C. H. & Gong, J. Nonlinearity
induced topological physics in momentum space and real space.
Phys. Rev. B102, 115411 (2020).

42. Ezawa, M. Nonlinearity-induced transition in the nonlinear
Su-Schrieffer-Heeger model and a nonlinear higher-order
topological system. Phys. Rev. B 104, 235420 (2021).

43. Zhou, D., Rocklin, D. Z., Leamy, M. & Yao, Y. Topological invariant
and anomalous edge modes of strongly nonlinear systems.

Nat. Commun. 13, 3379 (2022).

44. Li, F.,, Wang, J., Cui, D., Xue, K. &Yi, X. X. Bloch band structures and
linear response theory of nonlinear systems. Int. J. Mod. Phys. B O,
2450322 (2023).

45. Qi, X.L.,Wu, Y. S. & Zhang, S. C. Topological quantization
of the spin Hall effect in two-dimensional paramagnetic
semiconductors. Phys. Rev. B 74, 085308 (2006).

46. Eilbeck, J. C., Lomdahl, P. S. & Scott, A. C. The discrete
self-trapping equation. Phys. D 16, 318-338 (1985).

47. Strandberg, T. O., Canali, C. M. & MacDonald, A. H. Calculation of
Chern number spin Hamiltonians for magnetic nano-clusters by
DFT methods. Phys. Rev. B 77, 174416 (2008).

48. Dongbin, S. et al. Unraveling materials Berry curvature and Chern
numbers from real-time evolution of Bloch states. Proc. Natl Acad.
Sci. USA 116, 4135-4140 (2019).

Publisher’s note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format,
as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate
if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

© The Author(s) 2024

Nature Physics


http://www.nature.com/naturephysics
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Article

https://doi.org/10.1038/s41567-024-02451-x

Methods

Justification of the Bloch ansatz via perturbation analysis

If the nonlinear term is small compared with the linear bandgap, one
canregard the nonlinear effect as a perturbation to the linear band
structure. Under such an assumption, one can perturbatively calculate
the nonlinear eigenvectors. To show the perturbation calculation pro-
tocol of the nonlinear eigenvalue problem, we rewrite the nonlinear
eigenequationas

HWHW = (HO + kHy (W)W = EW. )

We consider the perturbation expansion by « as follows:

wow© p® (10)

F=FO 4y kg 4 ... . an

One can determine W and £ from the eigenvalue and eigenvector
of thelinear Hamiltonian H° as

HOW©® — pp©@, 12)

Then, the first-order perturbation is calculated from the
eigenequation of (H° + kHy, (W®)) as

(HO + KHNL(W(O))) (lp(‘” + Kll’(l)) = (FO + kEW) (w“” + Kw(“) . @)

One can confirm the consistency between equations (9) and (13) by
substituting equations (10) and (11) into the former equation.

In translation-invariant systems, the non-perturbed eigenvector
WYOis described by aBlochwave W® = e duetotheBlochtheorem
oflinear systems. Since the Bloch wave exhibits no site dependence of
the amplitude, one can assume that the nonlinear term kHy, (W) is also
uniform, and thus, the whole effective Hamiltonian H° + kHy, (W) still
has translational symmetry. Therefore, in weakly nonlinear systems,
one canbelieve that all of the nonlinear eigenvectors are described by
the Bloch ansatz. We note thatin strongly nonlinear regimes, there can
belocalized modes that cannot be described by the Bloch ansatz*>**°,
However, the periodic solutions obtained from the Bloch ansatz are still
exactnonlinear eigenvectors under the periodic boundary conditions.

Nonlinear Chern number in continuum systems

In continuum systems with a periodic potential, the Bloch ansatz
should read ¥ (r) = e™*"y,(k, r), where ¢,(k, r) is a periodic func-
tion of r whose period is equal to that of the periodic potential.
Then, the wavenumber-space representation of the nonlinear
eigenequation becomes f(k, g(k); r) = E(K)¢,(k, r), and the nonlinear
Chernnumber can be written as

Gu = 502 [ @ [ Vex[@dennom@ ] ek b
7 Js

where S represents the unit cell of the periodic system. The squared
amplitude is defined as w = ¥ [;d’r|,(k, r)|*in this continuum case.

Real-space description of the nonlinear QWZ model

Toinvestigate the existence or absence of topological edge modesin lat-
tice systems, we construct a minimal lattice model of a nonlinear Chern
insulator, which we termthe nonlinear QWZ model (equation (4) showsthe
wavenumber-space description). Its real-space dynamics is described as

IS y) = 2 {0 [20i06.3) + wix + 1) + wx - 1,y)
+06Y + 1) + Ty - D]/2
+(0) (W10 + 1Y) - (x — 1,y))/2i
+(0y), (#106y + 1) = wi(x,y - D)/2i}

(DK (0P + [ 9)P) B, ),

where (j, [) and (x, y) represent the internal degree of freedom and
location, respectively, and ¥/(x, y) is the jth component of the state
vector atlocation (x, y). The values of (), are the (j, )thcomponent of
the ith Pauli matrix. This lattice model introduces the staggered
Kerr-like nonlinearity —(-1Yk(|W,(x, y)|> + |¥,(x, y) ) W.(x, ) to the linear
QWZ model®.

Exactbulk solutions of the nonlinear QWZ model

To obtain the phase diagram shown in Fig. 2b, we analytically solve
the nonlinear eigenequation in equation (4). If we focus on special
solutions where the squared amplitude |¥,(k)|> + |¥,(K)|>= w has no
k dependence, the nonlinear eigenequation (equation (4)) exactly
correspondsto alinear one. Therefore, by solving the corresponding
linear eigenequation, we obtain the following exact bulk eigenvalues
and eigenvectors as

E, (ko)
(16)

= i\/z cos k, cos k, + 2 (u + kw) (cos ky + cos k) + (u + Kw) +2,

<¢1+ (k)) Vw (u+xw+coskx+cosky+ﬂ_, (kx,ky)) )
Ve (k)] cx(K) ’

sink, —isink,

where c, (k) = \/(u + Kw + cosky + cosky, + E (kx,ky))2 +sin’k, + sin’k,
is a normalization constant. By using these nonlinear eigenvectors,
we analytically obtain the nonlinear Chern number as

1 O<u+kw<?2)

Cu={-1 (2<u+kw<0), (18)

0 (otherwise)

as summarized in Fig. 2b. We note that one can generally obtain exact
bulk solutions if the nonlinear equation has the form in equation (5)
(Supplementary Note 4).

Perturbation analysis of the bulk modes of the nonlinear QWZ
model
Although we calculate the exact solutions of the bulk modes of the
nonlinear QWZ modelinthe main text, we canalso obtain the same bulk
modes from the perturbation analysis or self-consistent calculations.
Specifically, if we conduct the perturbation analysis described earlier,
the calculation stops at the first-order perturbation and derives the
same bulk modes as the exact solutions.

Thezeroth-order solutions, thatis, the linear solutions of the bulk
modes of the QWZ model are

wi? (k) Vw ( u + cosky + cosk, + E. (kg ky) ) 19)
W01 =K ’

sink, —isink,

E, (k. k) = i\/z cos k, cos k, + 2u (cos k, + cos k) + u? + 2, (20)

c. (k)= \/(u + cosky +cosk, + E, (kx,ky))2 +sin’k, +sin’k,, (1)
where we fix the norm as |, (K)|*> + |¢),,(K)|* = w. Then, substituting
these solutionsinto the state-dependent Hamiltonian of the nonlinear
QWZ model, one canobtain thefirst-order perturbation solutions. Due
to the nonlinear terms depending only on the norm of the nonlinear
eigenvector, the substituted effective Hamiltonian is described as

H(k, (k) =
(u+l<w+coskx+cosky sink, + isink,

) (22)
sink, —isink, —(u + kw + cos ky + cos k) ’
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independently of the wavenumber. The eigenvalues and eigenvectors
ofthis Hamiltonian are the same as those of the nonlinear QWZ model
(equations(16) and (17)), and thus, the first-order perturbation calcula-
tionis consistent with the exact solutions.

The self-consistent calculation is equivalent to the higher-order
perturbation calculation (asshown later). However, if one substitutes
the first-order solutions into the state-dependent Hamiltonian of the
nonlinear QWZ model, one obtains the same effective Hamiltonian as
equation (22). Therefore, the nonlinear eigenvectors and eigenvalues
obtained from the self-consistent calculation are the same as those
obtained from the first-order perturbation and exact solutions.

Numerical simulations of the real-space dynamics of the
nonlinear QWZ model

InFig. 2, we numerically calculate the dynamics of the nonlinear QWZ
model by using the fourth-order Runge-Kutta method. We consider a
20 x 20 squarelattice, where each lattice point has twointernal degrees
of freedom. Weimpose the openboundary conditioninthe x direction
and the periodicboundary conditioninthe y direction. We set the time
step dt=0.005. The simulation starts from the localized initial states
that have non-zero values ;(x,y) = w/v/2 and @,(x,y) = iw/y/2 only at
x=1. We use the parameters u=3 and k =0.1in Fig. 2c and u=-1and
k=0.1inFig. 2d. We also set the initial amplitude at the edge site as
w =1.Inthese figures, we plot the square root of the sum of the square
of absolute values of the first and second components.

Self-consistent calculation of nonlinear band structures

To obtain the nonlinear band structures in Fig. 3, we numerically cal-
culate the nonlinear eigenvalue problem by using the self-consistent
method. Wefirstrewrite the nonlinear dynamicsasio,W = (W) = HW)W,
where H(W) is astate-dependent effective Hamiltonian. Then, we con-
duct the self-consistent calculationin the following procedure. (1) We
numerically diagonalize H(0)and set the initial guess of the eigenvalue
and eigenvector W, and E,, respectively, by adopting a pair of the
obtained eigenvalue and eigenvector of H(0). We fix the norm of W, to
be ||W,|*> = wL, where L isthe systemsize. (2) We substitute the guessed
eigenvector W, after i iterations into H(W) and diagonalize H(W,). (3)
We choose the obtained eigenvalue that is the closest to the previous
guess F;, and the corresponding eigenvector as the next guess £, and
W.... (4) We iterate steps (2) and (3) until the distance between ¥;and
W,,.becomes smaller than the threshold of ||W,,, — W,|| <€, or theitera-
tionreaches afixed number. We also perform these calculations start-
ing from all the eigenvectors of H(0) and obtain a set of nonlinear
eigenvectors and eigenvalues of f(W).

In Fig. 3, we consider the parametrized state-dependent Hamil-
tonian that corresponds to the nonlinear Chern insulator under the
assumptions of the y-periodic Bloch ansatz and the open boundary
condition in the x direction. The state-dependent Hamiltonian is
described as

HW) =
u+A§+cosky+K(|%|2 + |W2|2) (iAx+isinky)
( —(Ll+A)2(+COSky+K(|&D1|2 + |W2|2)>)’
(23)

(ia, —isink, )

where A, and A? are the difference operators defined as
AVX) =[¥Y(x+1) - ¥x)1/2 and A20(x0) = P (x+ D) + P(x—-1) - 2¥(x) ,
respectively. Then, we calculate the nonlinear eigenvalues of this
state-dependent Hamiltonian at k, = nAk,wheren=-N,-N+1...N-1,N,
and Ak =1/N (N=50). Here we set the system size in the x direction as
L =10 and fix the average amplitude of the nonlinear eigenvector as
Y 1¥x; k)I”/L = w independent of wavenumber k,. We note that the
self-consistent calculation is only stable at weak nonlinearity. To cal-
culate the band structures in strongly nonlinear systems than those

analysed in the main text, one should instead use the Newton method
(Supplementary Methods).

Theorem of bulk-boundary correspondence in weakly
nonlinear systems

We mathematically show the bulk-boundary correspondence in weakly
nonlinear systems. Here we use a simple notation f(W)=EW
instead of f(W; r) = E¥(r), where W is the nonlinear eigenvector
whose components correspond to the state variables at locations r
and internal degrees of freedomj. The claim of the theorem is as
follows:

Theorem. Suppose f(W) = EWisanonlinear eigenvalue problemona
two-dimensional lattice system that satisfies the following assump-
tions. (1) When we rewrite the nonlinear function fas f(W) = HW)W,
thereexists a positive realnumber ¢ < 1thatsatisfies ||[H(W) — H(0)|| < gc/2
forany complex vector W, where gisthe bandgap of H(0)and ||| is the
operator norm. (2) There exists a positive real number ¢’ <1such that
for any pairs of complex vectors W and W + AW with the norm w, they
satisfy ||H(W + AW) — H(W)|| < g(1 - ©)c'(6V2w) ||AW|. (3) For any com-
plex vector W, one can rewrite the nonlinear function AW) as
f(W) = AW) W, where A is a Hermitian matrix. (4) The nonlinear
equation satisfies the U(1) symmetry, f(e?W) = el?{W). We also assume
thatthe number of nonlinear eigenvectorsis equal to that of the linear
eigenvectors of H(0). Then, the nonlinear eigenequation f(W) = EW
exhibits robust gapless boundary modes if and only if its nonlinear
Chern number is non-zero.

We note that here we relate the average amplitude w,,. =3, |¥;
(r)|%/L to the amplitude used in the definition of the nonlinear Chern
number. To prove the theorem, we first show the following proposition.

Proposition 1. In the nonlinear eigenvalue problem that satisfies the
assumptionsinthe theorem, the self-consistent calculation converges,
namely, ;> E.and W; — W_. Furthermore, there exists an eigenvector
W, and eigenvalue E, of H(0) that satisfy ||E.. - E,|| <gc/2(1 - ¢’) and
W, — Wl <27 2c(1 —2¢) " w.

To show this proposition, we utilize the perturbation theorem of
the eigenvectors in linear systems. Suppose H is a non-degenerate
Hermitian matrix and g is the minimum difference between its two
eigenvalues. If||A|| < g/2interms of the operator norm, for an arbitrary
eigenvector Wof H+ A, there exists an eigenvector W, of Hthat satisfies
| W —W,|| < Dg Y| || Woll (D = 2v/2). We iteratively use this theorem
and evaluate the distance between the guess of eigenvectors W; and
W, ateachstep.

We also show that the resulting eigenvalue and eigenvector,
namely, £, and W, respectively, are indeed a pair of nonlinear eigen-
value and eigenvector of fiw), which is summarized below.

Proposition 2. The converged solutions of the self-consistent calcula-
tion E..and W satisfy AW,) = £, V...

We show this proposition by using simple inequalities and limit
evaluations. By using these propositions, we finally show the following
lemma to prove the theorem.

Lemma. For an arbitrary eigenvector of a nonlinear eigenvalue
problem (H + fiw)) W = EW that satisfies the conditionsin the theo-
rem, there exists the eigenvector of [H + (1 - €) A W,)| W, = EW, that
satisfies | W - W,|| < Cwe (0 <e<g’/g, where g’ is the minimum dif-
ference of the eigenvalues of H + f{w)), where w is the norm of W
and W, and Cis a constant independent of the eigenvector W and
constante.

This lemma indicates that in weakly nonlinear systems, one can
map the nonlinear eigenvalues and eigenvectors onto those of alinear
eigenvalue problem. Thus, we can show the bulk-boundary corre-
spondence in weakly nonlinear systems.

Nature Physics


http://www.nature.com/naturephysics

Article

https://doi.org/10.1038/s41567-024-02451-x

Derivation of the nonlinear Dirac Hamiltonian and its gapless
mode

We have derived the nonlinear Dirac Hamiltonian (equation (25)) as
the effective theory of the low-energy dispersion of the nonlinear
QWZ model around the critical amplitude. For example, if we focus
onthe critical amplitude w_ = (=2 - u)/k, the nonlinear band structure
ofthemodel closes the gap at (k,, k) = (0, 0). Then, around the critical
amplitude w = w.and the gap-closing point (k,, k) = (0, 0), w remains
the leading order term of the wavenumber-space description of the
nonlinear QWZ model. Finally, by substituting the wavenumbers with
the derivative, we derive the real-space description of the nonlinear
Dirac Hamiltonianin equation (25) as

i0,W(r) = HWr)W(r), (24)

m+ K(\Wl(r)|2 + |W2(r)|2) —id, + 0

HW(r)) = . (25)
—m = k(@ + [ 22(02)

—id, — 9,

Starting from other critical amplitudes w.=-u/k and w. = (2 - u)/x,
one can derive similar state-dependent Hamiltonians (Supplemen-
tary Note 8).

We have also analytically calculated the spatial distribution
of the gapless modes of the nonlinear Dirac Hamiltonian. Here
we assume the Bloch ansatz ¥(x,y) = ew/(x) that is periodic in
the y direction and consider the semi-infinite system that has an
openboundaryatx=0andisextendedtox - «. We calculate thelocal-
ized mode with the wavenumber &, and the eigenvector E =k,.
Constructing an analogy to the linear case, one can use an ansatz
@Y, T, y)| = evg)1/A2,—i2)T to describe the localized
mode. Then, ¢(x) should satisfy 0,¢(x) = me(x) + k| (x)|*p(x). We can
analytically obtain the solution of this equation as

_ oi0 | 1
PLo=e —(k/m) + De=2mx’

where Dis the integral constant and —(k/m) + De>™ must be positive.

(26)

Nonlinear Chern number of the nonlinear Dirac Hamiltonian
To calculate the nonlinear Chern number of the nonlinear Dirac
Hamiltonian (equation (25)), we use the Bloch ansatz ¥,(x, y) = ¢(k)
exp(i(kx + k) (without explicit (x, y) dependence because of the
continuous translational symmetry). Then, we analytically obtain the
nonlinear Chern number of the nonlinear Dirac Hamiltonian as

1 (m+ kw > 0)
2

CNL= 1 ’
=3 (m+kw < 0)

@7

where w = [(dS[|W,(x, y)|* + |W,(x, y)|*]/|S| is the average squared ampli-
tude of plane waves in this nonlinear system. We note that the nonlin-
ear Chern number of the nonlinear QWZ model corresponds to the
sum of those of the nonlinear Dirac Hamiltonians obtained from
the expansion around the gap-closing points (k,, k,) = (0, 0), (0, 1),
(mt, 0), (T, T0).

Numerical calculations of the quench dynamics

We have numerically solved the nonlinear Schrédinger equation (equa-
tion (15)) with the initial condition localized at the left edge (Fig. 5a).
As theinitial conditions, we study the two cases. One is

) =62, () =62, 28)

which correspondsto the solution with u = -1of the linear model (x = 0).
The otheris

W (y) = (DY6aN2 W) =i-D)7 8,2, 9)
which correspondsto the solution with u =1ofthelinear model (x = 0).
Supplementary Note 13 shows the derivation. For the numerical calcu-
lation, we used the NDSolve function in Mathematica (version 13.3).
We consider al x L lattice (we set L =10 in the numerical calculation)
under the open boundary conditioninthexdirectionand the periodic
boundary conditionin theydirection.

We solve the nonlinear Schrodinger equation (equation (15)) under
the two initial conditions in equations (28) and (29). The time evolu-
tion of |W,(x, y)I* + |¥,(x, y)|*is shown in Fig. 5d,e. We define the phase
indicator Pas

P (30)

L
0_91191;i<>§<r%y2=1 (12 @ = L) + 12 0= Ly)P)
where T=10. We have P= Q in the trivial phase (Fig. 5b), which implies
the absence of localized edge states. On the other hand, we have P= 1in
atopological phase (Fig. 5c), whichimplies the presence of alocalized
edge mode. To elucidate the topological phase diagram, we plot Pin
the u—kw plane (Fig. 5d,e). We find that the phase indicator is 1 along
the blue line, where the exact solution is valid. It shows that the exact
solutionis realized by the quench dynamics.

To compare the phase boundary obtained from the quench
dynamics and the nonlinear Chern number, we relate the bulk ampli-
tude w with the edge amplitude w4, =1. Then, grey lines in Fig. 5
show the phase boundary of the nonlinear Chern number. This defini-
tion of the amplitude under the open boundary condition is different
from that used in the calculation of the nonlinear band structures
because we should choose the proper definition to observe the
bulk-boundary correspondence in each numerical method for dem-
onstrating the nonlinear edge modes (Supplementary Methods).

Data availability

All relevant data to interpret the results of this study are included in
the figures. All other data that support the plots within this paper and
other findings of this study are available from the corresponding author
uponreasonablerequest.
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